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mx* AMmmmnmrn* * • • . .• • » . . • . s® 
t. tmnrnw^^m 
mm ©jf mmmt. -m by B. anfeert 
aat Iat0r sataly iy r.-v. tewaaaa, ama 
M^a* St®a#,. -^s ^#«ii att t© mthmmtl&imB 
tmrtmg ymm* f&@ totattiy #f tft# ita«if mnA 
'i%m espatellity ®f appll^atlom® t© %hm thmtlm ©f 
4i.ff@:irejat.lm3. ©^m&tloss,. latsgi-ml •©tmatlda.s, m®©Mtti©a,. 
#t«,. it® fr©g»#g«, t#t®y it 1» laa®#i 'ir®!!^ 
fraitfml# 
.He»i%iaa th® 
latter a ®p##ia|. #as# ©f til# f#»«!», sa?® a© t©»l»t %M tb^I 
spirit ©f • tiife t&®-®ry. ffifty mm. if#l® %&%h 
tk@©r®ti#:ally pr@«iti©elJly« A l®witiaa ©ferat©!* X is 
*r * 
o&ara^tefiji^t fey tM®. ©oatltiea. tlat X • X wMI® a 
®a|#i»t ©n@ ^ tto tqttality X «aA X* . But it in tla®,s® 
®iiapie ®r®p«rti®a fr#M ist^^stiag r®smlt# ksf® l»®ii 
teriip^A, 
fh® tfce®ry ©f S#»itiaa @p®i?at©i'ii is @®i»t«imly well-
t@t®y. Bat a^st of the wmk. whim teas te®«a tea® 
is r®.stri®t®a t© t&® %©miit®€ @«s® ©aiy. ffe«r@ is al®# wmef 
littl® l0©ks at %hm B«imiti«a ©p#rat-©r frem m mmm 
S®a®rai poist of vi»w.. Is t&is tli««is aa attempt was itett® 
to g®t a. ®1:®.SS' ©f 0t®r®t©» wli#fc «r« g«a#r®l. tM» 
H®»iti®» mm y®t at tto ®®®© tia® ®aj®r m®t TO®! 1®«» 
lat®r©s%liig Matin-ml.Xy mm fxef@3? aot %© hm ©©aflii@a 
t© tm hQwM.m& ©as® mmA aak® a ©OBti?ilj«tloa t© 
mt iiife©aat«€ ope»t®ra.' It is'v®ry llteely tiiat'a ©las# 
•whish !.« #sti*'«iy. sstisfaftoirj »#% exist at all,,. B©w®ir®ir, 
a ©pprotrlat® ©»© w«iil4 pr^featelr Is® tb© elmss im 
whi^h m X Is ©.karaeteylsst %y tii» fo3.1@iylag ©©niltioasi 
W ' X *" #3ilst», 
( t l  ©fxJ '  g#a®rat -@® S,  
f f l  K  «  x *  m @ r  B i E )  *  
It i® ofeirlo«i ttoat m leatltlaa of©a?iLt#r is @ ap#el®l ©es# ®t 
t 
tM mh&m on® I 'amd t&@ @oatTm#ti®m X &t 1. ©fsy 
B-CX)' •  Bi'X*I im m fi«,fmitlaa ©pe^atof# An attitloaal' ©oaflltloa 
B(X) • »(i:*| •«« »iX| Z «#ialtias, 
W# will. ©all., |m»t for sjyafll@ltf, ®» X a g®ii©ra-
t ' 
liaed B®»ittaii ©f^rat©!** aafi 11 , th« Hemitlaa 0©atraoti®a 
©f 
4 .f»w «i»eatl©as astarallf arts#,* for iastaa©®i 
111 t© wimt ®xt#at ft©## / ' tet®mla« If 
Ca) imd#!" wteat ©©atitioa will ®m ®xt®a«i©a ©f ® 
H®.mitiaa op©rat©r %@ a g@a®ritlta@6 H#3»ltl@a ©p©.rat®irf 
•' t' • {Sj If i: is a;©t a©;Xia«a^ hm t©#» a maxtrnwii ®x-
t ' • 
t©tt.»l®a ©f X lBt©Fii©0t Xf 
14) gi'vea a Heiaitlaa ©ferat©!' 1, • wiiat mm &sA 
» •  '  
can w© ^11 ^ ®m©li that ^ • Zf , 
ii) la t&® ©l©s@A linmw mm» im m aatrlac whiQh 
»p3f®®©at® X s©t hrnim Mmm&itlmmf 
fter# ay#t :0f mmmmt mmtmrnvm ®t.k#ys, 
fM® is a-tmir ©f tMe qIbb» ©f 
.op#i'mtos»s ©f til© a%-oir®. Jfeltt4» Sme #f. %k« tmnstlea® «eiiti©a«t 
a¥©f« mm sa@w®r#t. tk0 prm^mt stajg@,| tli# 
mB®w©ni asf® tmr frea ©mtliit®.#-
ffe© @oBtaJla« ffe® amm& ©te|>t#if is 
att •!© tli® .apa©®# It ssirir^ji. 
to male® @Mar the haMk^^&mi. &$fmm prntimimmry to®w-
1®###  for Irntm 
tM# start® "Wlt'li. ©oasit^retloa ©f aa 
afpr©f:rlat# gts^raliaatlnii of ammttisa C3p»3?®t®rs*, It Is 
W ® tt«©w.ssl®li of HeimitiAii mn%3fmQ%l&m ®f . 
©pemtars la a way •similar %& %hm% ©f edj-olats ©f <a|>®ta%ors» 
W® f€WJB4 tli®t s-©a®tlm®s a#t stallaj-ly, 
la 0teft®r It, ^m#stl«s .111# Ci| and 14) ar® pa^ly 
aBsw#f^f€, It memsLS ttemt, Z aaft 1.* .e^ir« m©t vmwf «l®®®ly 
.r©lat®t as f«r &b ®l©a©mtaiey piPop©^t|®s ar# ©da®©i»B#t.» But 
la thm. liii®ai» %0iiai®t mm w# tiat X ea€ X* «ttst 
©tttsil, tMs BhmwB tHat tte# g«a®ralls®ti©a @aa 
@aly for «afeomt#t #f#a?at#3?®-« . »# s®tisf.e@t#iT results 
li©©B ©tot®l®®t. for im«stl©as (SJ «st i4|.. Om© tht® aiffl-
#mlti#®, as will folat#€ mm% lat«i^, @«#s wJi»a w® %©gl» 
t© te®l wltfe ®l«®®atii wM®^ ®r# ®tttsM® ®f t&® «««la ©f 
%im aAJelat #f @ a«»ltlaa ©i>®rat#F. A»-©th®i* aitti®nlW 
t©ae®3rii» %%» lat®rr®3.atloas be-tw©©» ©l®a®a1»© wMeli' mm la th,® 
€mmlm &t tit® at4©ta% bm* a©t- la tfe.# doaais of t&© Hewltlaa 
ffl t» fr©® %lm 
I® 0to«tt©# -"V @ ^m«sll©ii fS) is w® 
pdiat #»"! a patli©l0:gt@al ®te»@t©i?ls'feies la tJi® aatrlx 
fdpirestatatiea ©f ®l#s#d llasat- g«a@r®li25M,H#mlti«a 
tlie toalf ®f ©tefter, ®oa.%®las 
s-®%» ©f 'mmmmwy «»A smff latent ©osditloas a qaaaratie 
mmtwlK geserat# a g®a#r©J.lz«t E«»4tl«a 0p®r8.t®ip. „fh© r©* 
Stat® t«at t# sMfifir t&at mr g®a«rali%atJ.©tt ©f Heraltiaa 
€»f#rat0i?» 1®, tmlt® »aiairalii 
i:i». mmms smm mMUAWMB w mmmm spaoi 
A ©f %hm thmwf ©f spa©® will %m 
as MM It- im©lwA«« all a@fliiitloss mmA 
thm&Tms whim will ia fallowing ebapt@i?S'» W« 
will •eerefmllf tefi»® mil t®ms s© thmt tMi-f will m® 
aatelgmlty* All mwfml .will for 
Trntmmm^ Bttt' proofs ar© ©aittet t© miy-oit l-eagt^ ais» 
©mssioaa# .¥©3? ©«pl®t» lcm.©wl®tg® t-&© r#a-t®rs , ar© r©f ®rr®t 
t© works ©f 3"-»,ir* lnwam St©a® (ili* f# 
li#®z CS*.W), Mttr^ar {^h {iBK 
A# Afeatrant aill»®rl Sjpa®® 
lllfesrt spa## mm first- iatimtttset' P* lill3«r% {1| 
la Ms sttiiy &t liiieer iat.#gral #q«0tl©iis* a®w#f'«r» pdstm-
let i©sal tr®ata#a%- wa® «aft# %y S«iaaiitt CSt-4|S-| Bcmm 
twm&tf jmm Mtm* 
B®fimiti#a .1-»1* A mmt 'S -©f #l®a#n%® is 
@-all«A a Hil'b«rt spa®® if it sstisfi®# %hm #©ll©wiag, fif# 
p©stttlat#»s 
P©.s.tialQt>® A* S • i-s a lia®ar mpm.m® o¥«r tii® field, ©f 
©©apl#x: amiiitr®* 
^©stiilat®- B* tQf m'@rf ,gaiir f-,i. -©f ©l®a@a"ls ©f -3* 
a umtMr |f,g| is €®fia«t wM&h s®tlsfi@.s 
Ill {f,gj - lg,f) , 
(E) Cf,f ) > 0 if f + Q I 
Cs|. iwMm m Is «• e«pl®aE > 
14)  «  ( f  | i i )  ^  •  
i® '©allM pfMaet Qt t aat §• ' 
pro@«f#€tag to ti,# ©tiiti?' timm p©st-»iat#ai, w® giir® 
XmBm flk«'l«igt^ 11*11 of af t  @l@ia®at f &t 
B Is 'tM f'Qsltif® mt V Ctjf J • dlstaa#® b@tw®©ii tw@ 
«lea®at@ f aB€ g Is | | f»g l |»  
X% ©am 1® proved witlioat ilfft^alty tliiit llf-gll d©fia@s 
a t0pol©iF la s# . Itt feet we will nie# it .as tfe.© tojp0l©©r ©f 
S» All t©ims Ilk®: «llaltla« el«a«»t ©f a s@t of «l@a©ats 
©f I ."a smteTOt ©f .S whi&k iB m^Tfrnhmrm t®as© ia S^'i 
wlll''te» t®fla©A la t®»e ,€»f 'tliat-t®f©l©ar# 
0. foar amy , |»#sitif«. tiat@g®r ag: tli#re exists 
® s#t of tt liii#«i'lf Im4#,p©a4«at tie-meats in S» 
. F0stiilatii. S. i® t.|i©.re «s:ists -at 
Bmqm&m. of $l©a®Bts la S, fa*wM#li is 
.is a* 
Foattilat® 1* S .is ©omplet®! !•«.*» Gameii3r 
m ' 
qumnm® ijf, .S .Ma®, a limitlag, »l«#at im Bm 
®A s@Q%e»#® I fa) • is ©all©A a. 'Gsmky smuem® if 
l l f | i * * f3aH <® wi i#n >  a@Ce| •  
.A.met whi-m 'm&timfim, tii© pmtmlmtm im m-m»» 
aa to hm 
f t m  i t s ,  ,  & t  
Hiifeert Slat# Sir®! s«t mi «ll, -of #€ttpl@3c 
mm'bers sai. tfe© set of @1.1 mMmm, sfnares ®ip« 
l^teesgm®" tat^gf^'Me 
B will ®x«ltt»lif®ly %m meet t® a Hll'bert 
Bpm@i . f*g,k» ®le«eat® #f 3 aat ernpl®* 
•B* Stt1ss®ts aaA Oft^atoi-s 
mflMi%.im, 'l.i» A M • «f ' E Is @all#t a lia^ai* 
»ajilf©M |1»»«|' if>, wM©a#wr f fest «. ^®l©ai to M*. 
af • feg ®ls@ %mlm^ t# M» 
P<ifialti@a. 1...4. A smfca#t M ©f i Is -©all©*! a ©los#t 
maalfolA C@*a#) If mmtf llaitiag «l«s®at. ©f M Is an 
©l®a#,tt% ®f K* 
P#glai%i©a 1t-S» a mt ' s Ib m%lm& m ©l©s®t 
lla®®!' m®Blf#li C@»l*a*J' If tt is $los#t mnM limmie* 
Beflsi'llea l.«i« Tbm .s#t fK,| . ©f @11 fialt® lia««r 
.©oa^isatiem-s ®f M is ® !«*•. If is ®all#A tm l.«m-* g«a®3fat#t 
tor 
DefimitiQii l*f, fh# set <::* > <i©ssisting of all «l®a®mtii 
©f im) • atti thsii* liaitia^ «l«®at# is % ®,l.*a# .It Is ©all#t 
til® ©•l»m# g,m'mmt%& fer M« wt als® say < M > is 
g»a#pat«>t tef E. 
, Stfialftioa As ©peratei* im S 1® a siag3.«-»mltt@4 
fiiiii3t.i©a Z a©flii@a mm mm.m stito-att D . &t s la sm^k •& 
wsf %Mk% m • :1a Im B • ©.orfesfsaaittg %® moh f ©f 
fte »• is ®aXl©i %hm A#ffiaitl#a. ©f 
1..* fli® mt ©f ail m wkmw^ ' f t I5{x) is %hm 
PuflBi-feimi. As o^pef'at©-!' X is eall.#a liaear fa 
if I •when#-*#? , # i g e Bfxl, a# + % e B-CatJ;, aa€ • %g>'» 
.aJE# ^ 
B#ftoiti@ft Aa X is ©all#d |a 
if, .res' ajfty s®Qm@aii« If*) ©f #i®aeats ©f Mi%), thm first 
tw© of tfe# f®ii©«riag e0aaiti®ms lafiy tii© tMifAs 
Ci |  f»  f  ,  
( S) a: f * g » 
CS1 t € ©at 'it • B* 
p®fialtioa Mm &pmm%&w is Qimm^ lia®air 
{m if it i® eiwet %m€ iia®«r« 
B#fl.iiiti#.ft 3.<.1&« M ©f©rat«r E Is ®ail«i {u 
fe«#»} if tli@r« exists a e#asst«st e amtli I  |sf f |  ^  
0 j | f l |  f o r  a i l  
D®fliii1&i0n Am oi®a"at0f X Is ©all®4 a * •©p®i*at0r 
I * • "'0.| t,f ftxl gea-erat#® S# 
S#flBitii» m ^pmmt0W X Im ©all®€ Bjmme-^ri^ 
Ca s*#«|  i f  Ix f ,  gl " f®!' all ttg, t l5Cx)« 
X0M* m spmrntm in mlM |m H. 
o»|^ %t i t  %& m mfmmmtitkQ *»©f©r&%oir* 
• Am opemt-ot •• '1 "i.s ©all-t.i mitesy 1® 
if it iB 9l0&m llmmw, m'mywmm aat 
111 fj| * Ifffi all • f* 
Sftfi.ttl.t>l;Oa .1 «.l?« M. It 1.S ajt 
of 'X If ®ai ff - Xf- f.0r ©TOrr f t 
»® writ# X * f. If X ^ T aat «ists «t l®ast ©a® 
«3l«®st #f BCT) is a©t In ©1X1, %mm ¥ is mlU& m 
f:r©per ®xt®«8i®a ©f • . W® wyit« M < T«- If 1 ^ T iZ < Y) »• 
th#a X, 1.0 #all@4 a |fa?op«p ©f T» 
DQfiaitiott 'T is ©all## •© ii&@a:p (©lo«©.a timmr} 
®xt©B»i'0a mt X if .X < T ¥ is .lia©ar |@lo0®t ii»e®^|. 
W# writ# ¥ i.® a !*#» #f S. 
1.1* If' X • bag « !.,#• tilts X' teiiis 
a ^ i i t}}  -tm tMtj 
Cai i |i) i# a c©a.©4 ®f X, 
Cb| i«#» 02f •! 1® ®» .®xt#asi#a of 
- - 'b 
X, •|]£J • 
Bfefiaiti@a .If is ft * « aa€ if f i® a» 
©ieattBt mi • S fwfeieli ttere tmia%s maotlie;^ f * • ia 
S, stiete ttost' ;S « f * 
i® mici*i-®lr t#.t©fmia®t 'tor f®* tfe# ofts-st^f a®fiae€ 
®:e i® sait'to b©. ®f# i#fi«@€ if ©ix) » »• 
f.ll|.t. P'» 4f| 
®l«f©j?»»©# Cll), p* 41.P -fM. t#$| |4|, B@f» 1S»1@ 
aQtH $1^* X<S*i4* 
•1:0-
X*t •  t* \  mmh t  Is miM.tm ©ajoiat  of 
, fhmmm Xm&, * • , © .  i s  a l w a y s  a 
«t ' Ml' X 
l»g« • I f ,  X is  a *  ^  o ,  aat  , •X,  Z  %hm 
gtt80»?9K 3..«. If X 18 a .-o, then- X* Is a « - o. If 
tat ©lilf If; 'E; mists. la tM.®. ts®# X 
X ®st T te® twe * - %&» 
tcillQwlttg toM whmmm t&ej ay# 
X - T  l a p X l M  x ' ^ r ' ,  
x' * r* ^ IX * tf , 
x'r'i mf , 
JaX)* 5 r.x* 
.l«i» If X is @ .itlf ^ • ®| tiisa Xt E exist. 
aat at® ami 
sal ' ®f®rat©f.s 
®a©f©f«ii#®» I'll), p» 4^,. fh* s,«8i 14),, f, aa, 
% # f © r ® a « s  1 4 1 ,  f »  i B |  ' i t I  a » •  
( 4 ) ,  f . .  i S * .  © ® y #  i | .  C i ) »  S Q l , .  a ® t a .  E #  
mu w* 
i4 | ,  f#  i tg .  
-11 
are mos% 4a%®r#sti'mg-sBfi-iaportsat aaoag all ©p«a1;0S"S 
la Hilte©3?l 9fa:©@» Wm will glf®-a siMtary, ©f .so®© .of thB ksam 
mBtMltB wM^M will' h0 • im-lmter aisemssioiis-p for fwtbw 
was 4efia®A ia^a fi«svi©tis saotloa- Cl5©f# l#liK T^® 
tQllmim tMrnrm gifes aa alt@3faa%iir# A®f laltl©m# 
gto.:0.3?#a. iaf* A • o X is if aad ©aly 4f 
c * ^ 
X ^ X • 
Bmfinltlm. l»B&* A S*©« X i& said to b® aaxiam (a 
max# if tfe#!*© ®xii®*ls mm a*®.* wMsli is e psroF®* 
©zteiisim c>f X* _ , 
B^fiaitlQii l«Bi« A .I,*.©, X Is saia %# a#lf-atJoia% 
i(® ) if X * X « 
I)®fImitiom. l»ti» A'Mrnm 'X i® #®i€ %# b© «s®®iitlall|' 
.»@lf*«tJQlmt (a @*s• a.#•) if X * is s*a# 
R®t0mmes ti), (4), C5)# ("5^)» Ul). 
Ref@r«a©®s (111, f# 4t$ (4), p. $S, Thm lS»li. 
# 
a®f©r@a©#8 ( $ ) ,  p m  f Q ,  Sets ®| |11)» P*' 4f> Sii* g*lE,. 
a • ' 
S'@f©r«a@@0 ($}, p# fg| 111), p« SI, E«14, 
rnmrmmm Bm limtmA w&TkB' €it^,Wp-M@wmmai mmd MmM'# 
'Thmjtm. !>©* If X is a«mitiaa, tii®s X aat X 
M 0Xi®t«, Tl4#r ©^® also S®3»itiam« 
l»t, . 'Ifex. S,.®# «a4 s.&t®. ai^@ ©.1«^ 
1.10# If X is H0imitim», tMs X is ©.s.®# 
if ©nly • if X * is Mmmdtlmm* 
Wrmft ' If X • a»t X * mrm' t^a X - X «• X**^ X 
•It* 
aat X 3C •» li® X « X • % tt Z is #'#Sya«|, %li0m 
* 
X i® S0 It is 
TMmm lifcll.* •l^nirr 1® #^gy@v 'A Hl#sv©^p is 
S'»S* If aasi aaiy if it 1® @v«'rfwii©»© 
• I f  Z 4® a  H«o, ,  tk®a.  mewst  ©!©»©»% 
©f BCX*,r-ls eaiiet aa ©xttotwi rnlmmmt of 
mTB' #ia#-alfl@d into %hmm @la«0#®s pmltifm a©fa-» 
•if 
tiv© I* aa€ z^m I© #•%«•) mm&m&tng. m» ftt} * 0^ 
* . * ^ < (w&#:r# X|X ,i» gm&lmtw mt fH: f,#iH' 
A H*«s.». X: is -aax* if aui ©alf if all 
Its ©•##«» ai'# #@at®is#« im' B|X|. It Is if asi oaly 
if all i%m ©ostalaea in 
B, Sas#0 Sp«e®' 
0@fiaitloa-; 1«S€« fm© ®lmmmu%m f»,g 'Of • S ay© salt %© 
to® o.^:li©gottal if CftSl • ®» f is ©all®ii aosmalizea if 
||f|| w l*. A mt M of ©lemeats sf a is 0€ll#€ ©rtteoaojT'*^ 
mal if m&h #l®a#ttt &t M is uomellaeA ®st ®©ali pair of 
©Itaeata of- If is 
B®fiaitioa 1*B8. Mf 0^tte:0a®»aliaati0a of m s@q-ii«EO® 
(fsJ of %Xmmmm.%m of S 1® a#®t»t thm prnTtommmm of t,li® 
foll,owia6 pir©#®t«3P# for th&% mmqmmmt 
l®f er®a®« 4 il 11 f • • 5® # t-*M» 
% 
Eef®»m©© Ct|,>» fBf SsfE 11 asA D®f'«. §• 
il) all a©m%®jrs ®f l^a)- wMciii ar® zm& 
aoi ttoa all scalers *M@k mm tee ©xpr«s-s®a aa Itaeeir ©<*bi'-
aatlens fr#©®aittg 
|a| applrisg S0tasiat*'s pr«0©.ss® to t&® T«almias 
a»ate®i?s of til© B-mqmmmtf 
l..#li.* fH® s©qa@ae® oMeta®^ 'hj ortlion©raail2;a.*' 
•tl#a of a gi'iT'a© is ©r%fcoii©m-al. fk©j geasyat© tit® 
% 
s®a# 
fhterm l..#14^ S ©.oatai^Bs a,a ©rtHoaoaiel set wlt^ a 
tentmsrafel® mmM-w &t ©i©«®-mts ii&teii, ^mm»B.tm S» Amsr 
mtikomm,^! set wMeli g®ii©i"at#8 . $ ©©staias m 4©ntaeMfel® 
l)©flai-fel#a l«ti« i*M ©rt&.cia©asl. of @l®a®mts 
wtoleli gsasjrati©# i is eall®t 8 ©^plet® s@qiiea®® 
M«S»| ®f a#-
f&. 1..M, 3- ©©jitaiBS a ©•©•S.S. 
gfceQg» Xf (4a) is a la Sg tM«a 
la 'C^.» ar® ©®apl#x is #osT®rg@at if aat 
omlj If j; 
%m% C4iil fe® « iu iS|-
Is ) ,  f * .  # i |  14) . ,  p#: ,  !#»•  ia . i tJ  Ci i )  p .  IS# 
S©f«r«B@#.^ {$'|»- fr iff 0s-'*^-fr ©I cm,, p#^ 12,' fk». 1»13» 
# 
Ci-)# p*- i i f .  %• ®i-  (4) , -  p» f i i * :  I2# is ,  
l£ »1S'| 1111 0 5 • l^\f - • '. 1#1^# 
laf«T®»e«s is I, |i» ®f> 8e-%»- i| (4), p* t©,' fit. lS.lt, 
mr t s, the s#pi«s 2 is 
seaTrefgrnat asli i%s 1® ^ f# la w#»€s, f 
£?0 
S tas fee as 2: |p w&t3f# «s « Ct, $a)f 
a 
wt *  I j i i * **  » 
If .<#«l is ..a !»• B .«aA f,g 
ay# tw# 
!• Matri:x S®pr#8#si:at|.ii,a« of 
Oi08#t Mttt®.? Opes»st«w 
It mm hm mkmm ttet limmm ©feratnie® m® 
W iiaflttlt# aatrtts-s in •© 0®i?t®ia a«»»# 
•Ttes-© mr# •#©«»• t.|i®#r«BS pr#f#i W Mmmeim aat a»S,« 
Bt&nm wlil©ft &m faniamsatal# tMf mill im. %li» 
fQllewlag with&m preefs. 
if« will fetfgitt hf mt »m® s.f#®ial iafiait® 
mat3rl@#«. 
BmtImitimm l«Sf.. AB tafi»i-|® A Is .©all#! 
8®i«ma» i# A m A A A* t^© 
of  Am^ 
CS| ,  f •  i®'» S®ta» f i  i l l t f  pm 1©* ffe*' l#f> 
1> 
Baa® mm rn'bme* 
C%|)  ^ i® ®f  A*  %|  •  
i,.| • « 
•"XS* 
Ptftpitloa. l*ae« An laflait© matrix A « {a|j) is 
0all@t Qa®aratie (a Q.m,) if 5 for all j-'t 13* 
B#flaltiQa 1.29> An Isfliilt® matrix ^ 
oall@d imltarir if 
^ — 1 for 1 • J , 
K-,. X& 3K Q i |» J , 
2? — 1 for i • 5 , 
1#"® 4 K-. «a. KJ Q 1 ^  j . 
flieogem 1«18> If {<>«) and {•,) are two o.*o#M#S» 
la S| tMn th© matrix wlier@ » 
i.,5 » .l^S,•*• » is iialtary# 
Proof# tJs© Til, • l,lf» 
fheore» 1»19, If Z Is a 0-«l# S*o#, than there exists a 
0.0»M«S* (4a) in D(x) &mh ttet X - Xj., where Xjt is 
th® oontraetlon of X 0¥©r {#»)• Bafin© aj;^ » (X ^j) , 
1,4 - !,£,••• , than A « is a If i^s) 
anotJiar o»Otl»S# in D(X), and B *• is the oorras-
ponding then there exists a unitary' matrix tf • ^^ij^ 
suoh that 
t»44 - 22 U. a S, - X 2 u, a , 
an In -h--' ^-i la mn jn 
- 1,2,•• 
Or B « UCAU*) - (mm* • 
Th&mm. If- X Is m •##!*. •*-0^1 thm %h%m 
m ©+«j»:E#,S«' |#a) In BlX) smM t tet  X •  % wb©r@ im 
%m X mmw Ifa)* Dtfiat « (X 'fiiljh 
iil * lrEf*'*+ ,th»B A.'» C&£|l is'.a m*«4 fmrt&er# any 
meiab@2?.i s«r #t* ot tfc© ®@f«©a#« Hn) is ia ©iX*) if 
iin 
aat ©Biy If l®i|r < <=« * a»ft E |-| •• X* if nat obXf 
if - 4 !••» ijg,, ••** # 
BafiBiti^B 1a.SQ.* • ^©ilswiag th® aotatioas of ' tli®- afcoir-# 
tiieoyeas^i (:|„| "ig oalied s• aet#imlai«g @@t' C€.s#|'©f X. 
Xjt,: is o«ll#t tM@ #l«®afcmier ©i>©rator ®f X f-or 
•t.s, ,1#®)# «@tiri3E- A is i#lt Ii#l0ag t# tH® 
X f Of !#.») * . • 
•fb# #f tto m%mm thmwmm nwmt 
A • C^i j )  ® f feea- i  
•aaf ' i#ii)f tli#M ©mists .©at ©aly ©a® ©.i#!:#©. 
X t® wM#li A li®l©ag#.f» -(fii/J# 
•f&e@3P» !»«$ A • C^ijl a t**# f&em,. f©r 
as^r e»0«lks» ffttlt %hmm ©sist© ®»© «st mXw oa® ©•«1., * *#• 
X to wMo& A fe©l©iige tm i#»|# ymrtlierg tk© statemeats 
a%omt 04 ia Ih* i*t0 mmmlm taiii &®r®. 
B©fiaitiem. X.#!!> ffc® QpB.mtOT X ia %h@ ®te©ir@ tlasorems 
is «ia %© h% g#2a©r®t®a hj t&«- m&triM A W thm 
i^m}* 
ixi* QmrnAcmms QmmmnB 
mmumiTmAm,, ,^ 
A. a®»lti*a Qmrrnms. mnii tMiw 0®ii©rttllaati« ^ 
AS i» im. ffa» e E»#« K, tm hy 
tbe 1 - • fM«,, If mpXmim0A in m a©r® 
way, mmms mm mmw^tor K is 
if aat ©slf if i% tkm miX&wim @miLl%i^m 
im pT'mtm stmt® %1mm ssfarat^Iy fe®©am«# %Umf &m 
•i®»f of mmh #%fctr|i 
Cil X iB m ^»op®wm%m, m tmt X* exls-tai  
PCXI • MX* I • D{X| g©aerat#a .S|® 
|3) X •» %* o^mr &(X| • , 
w« @r® •• ia ©imss#*: of ©|»®y®tt0r« wbii.^ ©r® ia 
nmtiiraJl way® a©3P#' t-iaa 8*0• Bat at 'tli® same t.im# 
w@ t© MQt wish t0 g®a«yalia@ •mmh* s©# ©IioQSiag 
a ©lass 0f ©peipatoafs- wMsfc itiil;- b# tfpr.opriat®, at least 
.9mfej©©tiT#lF» f63f' sa. analysi® ©f tlie 
tter@« ©•©«&!ti#»s i® a#@©ss®i^-» 
Im ori,®,!' %.0 atfastag# ©f tfe® %h#©:a?y ©f ®4|©iiits, 
w«. mssmft© ttet E, tto ©p®Mtoy ©oa@ii.©r»ti©ii, ia a 
m 
If A • mmA 1 a» tin© m@%m^ %m& A*» is tfe# iutmw* 
mt • A «aA" B» 
-It* 
• Am M {il# thmx® mm posalltHit.l©s 
ot-feer tli«a tov© stmt&d mhowm.t S'-m Inmtmm^ torn 
dlttmm% mmm 0m h& •Qh%mlmm& ^ @-«tolttsti©as tmm tfa© 
foiMwiag tur© s®te o# #©i»ilti©BS* 
(Ij ©ID •* " .g@me]r®%#s Q ^ 
I • . „ 
'isI' 'HW • I>tX I t@®8 m% g'©»®.rat® S* 
54) Z + X* 0*er »(X) ' Dtx") , 
A f®w will glir®® f ©r il.lm®tratl.©a.' 
IsaattX® .1.' I.@% Xf if fm all f « a* ; fli# a®e®ss®:ry 
®iit dsaAitim 'ttot g, f i® ©xlsts 
g* t S smete't&at. tg,- XfJ * |g*,»' fI ' for all f g D|X|." 
* * BSMm M « ifr'  w® mm ttot g « fMs ®@«ass X is 
4@fis#a f®i?. all- g ©-i iisA l*f « -ig.*' Is-tkis 0a9® ©©»• 
fiiti@a • {1| is fulfill®# wMl® CS| Is tor JEf • X*f 
o»lr if f * ©••• 
Tl@ m i-^»-©f til# following, tamt 
1 0 0 0 f '• 
© 1 0 •0 m 0 #• 
•0 1 1 0 # •# 
0 1 1 1 « # 
2: f®i?- i • sia@# ii#»® 
^ ©oawrgesp. %y f&» l»gg, 
• ajp® m^ im Bmt ||, « ©{X^J aaft; :i • 
fj,. S© la tMs #»«#, ®0aAi%io» fi| Is fnXfillM wMli® |1) is 
m® showii. %m ^hmm' 'fxaafl®® ®:r«-
i© it s®«iis 'H# tJ&at if mm ©f®rst©r €©®s 
m&t amtlMtj e0iiii%i®»s (1| ami %.k»a it .i» wmrr miik®itr 
tteat it will sMiP# any of tli® pmpertlms &t 
H^mttirnm '^^mAtrnwrn* Om tkm «t&«S' test. It mm ©paratw X 
d@#s satisfy tM« tw© @®aaiti©a«, thm i% i@ »a©t fmT^ trm 
^®img Mmimi%lmm.-0 %#eams# %lm addlti®aal 0©aaiti®m ttot 
DCX) .©CX*| • iaanrss it® H»i»itiiiim®ss» 
w@ s«gg®at tMt %hm ©lasa mt wl^i©M satisfy ©oiititioas 
Cl| aM Ctl is QB g«a#i»®lizati0B ©f tM ©less -cif 
•all 'S^mitim #p®i^«,t©rs, fer ms® «s m s^timitim^. 
w« prefer tJi® f©ll®wiiig sligktiy mor® ®ti»tett®ats 
B#fiMtiiitt. .g*l« I# X i@ a * -©^, @m:k tMt tfee • set of 
all f f©f wMiiM Xt X*f s, tMtm M i« 
4all«t a g«fi#-3ealia@!a l@»itiaa ®f:©rat#f Cs*S#.#.|« fM® •©•««» 
•* %mmMm :£ ® «f X ttet.stt is m E»«» It i.® ©sll#€ 
t&« K®i«itiaB ©©ntMetiea #f i:« 
fk® followiag few l#*a« «*« #^i®ms» 
• " a t  • • •  
X -win always ^ he tis#t tm 4m©tm $M MemlMm 
trmtlm 0t & g«a,©, X. 
.l.eaa& 3.»1> X is a g#H«o» if and only if tii©r© exists 
a H.o* 2 staQli that Z - X and Z ^ j:*. In this ©as® 
f "Sw 
X ^ Z» 
tsmm a.«a.» If X Is ® g.H.o#, then D{X*) is th® 
s®t of all f smh that {f,Xg) • (Xf,g) for all g e D{X). 
LBmm B»3* If X is a then x' • X - x'*". 
Proof. By D®f. E.l, X* • X and X* - X*. .Also 
X - X** • X « X ifh^ 1.5). 
I^enma B*4» If X is a g.H,©., than X « X* oir@r 
* I 
BCX) • I>(X )* So X is the ©oatraotlon of X ov®t , 
D(X) • UCX"^)* 
Proof. X and X* ha¥© a oowaon ©xtension X* . 
Hano® X - X* ovmr D(X) • B{X*J. 
B»Sm X is a g»H»o» if and only -if thar® exists 
a H.o* Z Buot that Z ^ X ^ Z*, In this oas© X* * Z» 
Proof* By Le»ma 3,3, w© see that the oonditioa is 
"*C "<1 * *> 
naoeseary* On the other hand., if 2 • X - Z , then X ^ Z 
* > ** -v > * • > 
and X Z ** Z ^ Z» By Lemaa 2,1, x exists and X • Z# 
It is important to show that there do exist generalized. 
Hemitian operators which are not Heimitiaa« Otherwise the 
generalization will be triirial# 
a 
Bxample# Let X he a mmx^ H»o. which is not s.a# 
Then there exists an f in S which is an e.e. of X^ 
hut not of the o-olass. Let T "be en operator defined in 
'  '  ' ' . a  • ' '  
See Heferenee (S), p* 98# Satz# 37. 
su®li a waj 
T g « X g f©r ail g ,BiX) . 
T f « X* f ^ 
It is 9m»f t&-8k^ tk&t .f is ® Mt a©t Heimitiaaf 
-w® will im'tM ©Mpt®!-# m&m& pmh" 
Ime mmmmlmg the g©a®j»aliE@i Hemitiam' •©p®rat©rst  1#-
salt® <i'bt®ia#a ai?%.,divit®4 iat# tidr®® -farts, present 
i® a Btnty tfe© H©i®iti@a «0ii-
tractloas, tk« ad|©imt»,| "tfee least #3.©®## ii3i®®r «3^t#iisi©ms, 
g@jtt#ralize4 Kemltiaa "op-eratsrs# 
•1» H#rmitia-Ji S-oiitrftetidtta '©f • X* tf M ®aft 'X 
g|i®Qr»ii If X i® a tlea i» X, aai. x"" 
exist., ar® ei®© I^X>X »X • 
.Fr©of« If B®f# B»i, if X i® ® tfe@a -%:* 
#xist8 amt ©iX*) ^ ICX*) wM©li g<iii©rat®s S» H«»@® X 
asd X als® '©xist 1*4)* ftyrfefew X* '^x"^x«x''*t 
X* * X* • f * • X* # a© ^ t&mm s«it 
@3Ci8t* 
It is ®Wi©tts t&at X* X* X *'• It is als# mmf t® 
*•  ~- t  
Bh<m tto®t X *• X , te®@ams«. f s ©|X J if as# oaly if 
X f xVC« X'^fl wMl# f € if end ©BXy if X*f • 
f fl,. ' 
it X is & g«a*©;, it is not ii'®@#sBaary tMt 
X i8'®X,»o sttaii mm op&m%0s^-^ e0asi-t@r f mhrnrm T is tit® 
©p®i?fit©r giir®B tef^'tb® :p4 |,®t T|, h® %h0 
@oatraeti@a #f f , m t+a,# ®f f 4 m&n % » Y, l^mt' 
fa. .Is a@t a 
f 
.. M* mrm #xaiipl#,»^ wiileto s.lJ®w tMt X >X 
®a4 X > X 4, Lmt t a 3.*s;k;©; (©•g# aay 1,®;'of ttm 
Qp&rmtm ^imn W tMe-exampi# oa p; • It will siiowa 
latei? tliat if aay ¥ is'|#los#€) lia^mi'j,, tliaii Y*. 
is al®#.|^l&a©d) litt®«»-»® • I^-t • '®m€ Tji 'to© tii® @©»-
t3ea®ti®iis, #f. T ®mi Y* mm »|Yr- C©| aafi B^Y*) • ,(©) 
2'©®p#@tif#l|'.t^^ -W# s@® ttoitt' Y^ • T* It will nm. he shmm 
%m% Y^ -•Ys< Y* 
Sin©# Y|t ^ Y@ ^ Y ^ Y*"" Y^ t Y^ ^ Y4 S.S). 
Bmt Y^ ^ Y amft Y * • Y* » h^mm , Y;^ * As BtY^) does 
a®t •©o»tai«. •©, Y^ • 'iheTrntmrn Y^ • Yj^. 
Thmmm S>E» If .1 l»- m g.®#®.,.. ttoa X* X* ast' 
X X » 
• ~* !> ' J. •t' •"• t . *N. Broof. Sim® X, ^ X , IX I - X • S® X ^ X. * 
. ^ A t  ^  .  I  A  




tf M is a sttfes®t @f M| t&#a M»1 is tto.® set ©,f all 
©l®m®at@ #f M whi&k mm m% la K# 
& 
Smm Th* i»l. 
zt e g»H«o« ©ios®! ©at tti®a im tli# 
al)©ir® tfe# two ®Q-aiHti©s h©iav, #l©«aj?» aaa lla#aritr 
mm a®t a^@®-sse3?F ••'^ ^03P ©tmalltj* tm op«ator T gl'ir#® lif' 
%h® o». f• S© is a®t «X«s#t aat ao% ittt it 
' i ' L' " '• 
mia..M- ^h&m, tlat ¥' ••«» * *f" * % ..iwhmm % Is tifee mmXp 
H'.©V gSir«a SO'• f* T » f'*,.' -
i~ g>,S» If X i« a g,*E»©», X • X, anA 
•i' « if -sBt ©slyif 
<D(i) - II(X'!) • (D{X*) - Btx')) - 0 . 
fsfi) - I1(X*)) • (B(x"> • Dlx'li) - 0 ,'' 
.3Pt6p®6tl'^ ®i|r» 
|^>r©0f» If tMr# ©xiats m f e (©{Xl PCX*'U*(S{X*)-D(X*T|, 
%fe@a f e- Bifl • P(2*|, tet f'l>|X*h If f s ®|f| * 
thmm X f • no f t E»4), H@at@ t* > 
qm. • ©%.l»'r Maai if X • > X ,fit©® %h.®tm exists a f 
ia Bfil * wM&h is a©t im ©IS*)# " so f is'is 
B(X| ' a«4 f, is ##rtataly a@t ia fMs 
mmw® %m% t is im •Pfx'T). H®ae© 
%&# @©!ititl©ft. is'saffi@i«ttt.; 
If X 'is a mam« a*©-# attt f' is 'S'ti©^ %hm.t X ^ t X ^ 
tik®m, T* » H, »«« • tfe* S».#« 
% 
fMs a#©a8 ttot tto® i»%#a?se©tioa ©f th® two S'©t» is 
-•84* 
If -X attt .t • ©r# two thmm thm-
follGwiag reJlatloaa wMmm-mT' tiiey aj?® fi©flii®At 
I #  ^ t. ' • , 
, - X 4. T S (2 • Y).., , 
\% X| ^ •-* a X.,, e. is a-©Qiistaat), 
Frooft fli©y 'm&.mmlXw fe# ifl©i tei' stass of ffci., 1*8* 
1' •• 
If© iik# to fQlat omt tfeat fX aaft Y -i n#, 8«(»ep*fet©a 
lik© '%!».«• first #a# of i»S tee aafi#* Oa ©©atrgrji 
wMstMr X* ^ f' is #iitir#l,y, ©# • X ^ t* 
f©Mewiag • '©xaaipXes s®rf# t© illmstrat® B'itnmtl&m* 
Eaeaaul^  .1* .X«t ,X am€ 1 'fe# %Me operators gif®s  ^
%&#•'@x®«pX®' ©» ».  ^ If % * mat i» t'li®-0oa-
tr©0ti®a ©f T ©ir®r •»(X.ii..) ffl- whmrm f is t&at 
%mn •% < 1 wMi# irl « Xj < x • t •. 
'X 1j® a ©•l«H»o# - witli defieisn©^ iatlees 
a aad a mtomrm n # a # ffena tk®ir® exists it max. #x-
t@asl.oa ©f X' ••smetoi tfist % > X* f t>« ® 
©iass #.*©• of lit '®at €tfia« T f • :E*f aat t g •,3I  ^ f®3P 
all g «• ttoi@s w# mm ttoat .IfSX*"-,. bat T* « > % • X**. 
»'S. • • 'H 
•0* H^-mitiaa 0©atra©ti©as ©f E' aad X 
f - l i 0 Q r ^ .  . & « § : »  I f  % tm m.  g * ! * # * '  s t t @fe.  tMt t  
If a as4 1 ar® tw#. s#ts> ta®a A * 1 is »#t of all 
®lMi®ats ia. A, aa4/, 1. 
Wot tka ©xistenoe of sti#& aa ©f«ra.t<ir a®®, rmftmnm (3)., 
p. 1©1. 
.11) it.possess©® ©a isver®# X 
|E| ®.(X ) g©B«rat#s S, 
tbTO x"* Is a g.B,o. ana (X"*)' - (x')"'. 
mmt*. Wa4®i? t&® .si.v@» it fe® profet 
.tfeat IE*'*) »xist« «»€ IX**) * C.X*| ' Mw# 
It fx )••) • .mcx I a* L#t A aat B a«a-0t« .r«s-
p®®:tif©ly ®at tto mmt ©r «li t sm®k tltst 
m • If w® ®a» s&©w tliat' A • B. attt x'"*!' • 
.f®!* ali • f• 1 A, tii®s ©:s:is"ls ©at (x"*) «• fX* )•"*. 
'* ' t I»t t m A» thmm. f « X g. .g s B|X ) aat 
(l*.r*r « B:* S^mm x*f « 2: g «. x\ • (,x r^t « 
|x "•) f s©. f ® •»:, fM« ttet J. i« LiiE®wis«., 
m& mkm tlist g. A# asm#« B, .A ®.ad g#a®rat©s s. It 
follws tteat fx " J . .exist® «ni {X ') • tX ) # 
the last t.©pi@ wM<sh w@ will €i®©mss ia t.ils ©feaptar i® 
tti# a g#a®ralisst4 Eemitiaa ®p@r«t©r# f'h® f©llQwi!ig 
qmrntimrn is «ft#tt a®l£®€-i Zf it la kmwwm'tMt X im mm. 
m &p«WBtow @f «®rta.ia .©lase  ^ wli«» dmm Z' l>©l©i« t« tfe® isaae 
©la.»».» Foir «amfl®.| it is k&«im thmt It X is a «#©•.#©. Qt 
© jiax# them X* is als© B®mitiaa# m# (.i| 
0&©w®t ttot t&i» i® .aot trme tm S*-#» is g©»@i!'®l,. i@ giv@s aa 
.m 
fw t«fiaJ.tl€ia @f iav®F8@ s®.« r®f«3r@a®® 111), p* Sf  ^ tli. 
B 'tmm 
h 
mtrnmum 111)# p* * 
K#' -als® t©mai •s©®®-' mmm.mief ani suffix 
* ©l®at ©oaAitieas in ©yi#!* %Mt % %» H©fmiMaa.^  
m@@g« If X aat X* a.r® %otk >li®a 
 ^ J| IK f 
Cx- )*  ^ tx*| t-
 ^ .^ tTO#f • ,^ 's« m# i»s.r 
' ijataf-m B«f * If'.X is ® %&«»• following 
tir© ©©atitl#®#, ar« ©^•,atiral®tt%-s 
(1) x" la a (5.B.O., Dd*) i B{<X*)'), and 
D(x') i D{(X*)*) , 
' a • • 
t.I) l3-'fX' I is ianafiamt aa,t®ip X» 
fyo^f#-.' If - (I| i« fmlftliei* tkmm for mvmwf f e BfX*)>-' 
B|X^)^©CX*| ma€ 35|(X*|*J^ B|X*). 
Bta#® iZ^f ©lElsts' aat |X*J f « fX*|*f • X*f f®i? f t D(x't» 
It f@lJl©ws ttet fx* J #xi0*.» ©mft ©fx 'I I>{|X*| )• ©a the 
• t 
etMiP' If ID te®l«Sg %Mm tm ©wmtf f e B-{X, J w# &«# 
X®f - CX*f f » iX^ft • X* X f, .»@ X f e wS# m#a«® 
• t •• 
B|X I' i® imf«riaa.% aaieif X# .•• 
\ A ©f. ©CXI is smifi t© li® iaira3fl@Bt «at®:r X 
if X f t A foir aii f « A* 
IV, •HEMIflAS OFllilTOlS MD 
fSiii mmmm ommiiGTWMB 
a wmt 
St»©® %h@ M-0'0m ®f ® X is ©a© ®f Its eoatfaetioas 
m «r«leti"f#ly l©rg®« sulsttt ©f ©fX), it would s®#m t,h@t 
X aai X* are ©l©«®ly 2f#lat©t witli y®ga3?t to prop©i?tl#s llk« 
limearitf ®te* %M fasts a.^ ® set wMat w« ©sippet, 
altto.©ttgk an iap©rtaat r®l«ti0ja--tfe® of tfe© tw 
la oa«®, mn he 
Wkm^m.. 1«1» • If X Is a tfa«tt X* -is C©l®s#a) 
liii@« if Z Is ©©.»• fm mmmwm is sot ttm®» 
Fr®##.* W® will gife a fr@#f.| tm lllastrstioii, la tli® 
f 
®ms@ whmm X is #l#s#t* It fa, f @»i. s f# —> g, 
thmu X f a • X * f * •*«^> g.* Sis© @ %. maA , :i *" ar® l>0tk 
-)( f f 
@l®s®4,. Xf • X f « ft. K@ii®# S '.f « e wfeieli. ®teow» t^®t X 
is ©l©8©t,, 
f&® e©a*®,r®® i» »Qt trm# f»## tk® eiEamfl® m }» 
BiX) aat BCX*) always #©atsia %hm 0 eleaeat 
iiiamltas#omsl|r.* 
3*.Z* If X Is a, l«g»l»®«, tMs X: is 
if ©at omli^  if % is la tM® «sms«, X ** % is ea ®,s, 
©.»# # 
' # 
Fro©f# If X is fe©iiBd#4, tJtoa X mast h® 
If %om3tA#A Cit is iiaeafl, 1,®, l.io, aat 
l'* is teoaatoi aaa s#tmitim« ais@© X** ^ X, X 
fflmsf a»4 S©»itiiitt» m X • X* is'aa " 
 ^ .ISEI^W' atow® tli»or«m s^ows tMt if im 
linear a»-i tM«ii it is m a©r# ttesa H®mitiaa.: 
for® ia tJi,® stmty &t aottoiag mw ean 1® oMmia®4 
mm mssua# l^©tii, op#rat©3e aM it® !*©• to mi,-
l»oiiiid©t* %m mthmw wra«, a M is prof#i? oaly if 
• . ® 
.X is 8.a mab©«iat@t fhemfmm tlie strntr of l»g»a»©« 
a^mli M «©msi€er#i mm a pari &f tfe# %poat«r froljlea of 
®xteasl@ns af' .iia@mr l®imiti®«i 
of^rator®'* 
la. a is ia geneami not 
.a?ff@et®t If its H»0* t© © e#ii«i€#.ra%l.# 
»* Mm®amvf a»t Smffieiemt Gomiltioaa 
XB tfei® s«#%io» w will, git# & tm ©rittxia iaamriii^  
%bm.% »• **Ofc li# a 
, Whm, foil^ i-ag. tM®-©!*-®® is,a. r©stat#a®at., of ILemm 
£*€ *  
' me-qg»a a *-©• X is m sm*&* if aM only if 
* Bfli*! generates S a»i X • X of©r ttot ist#3r» 
sestioa* 
a, 
W® M»f ttet a g#H#o» is f2?ot#r or it is a proper s»MmOm 
if it is ft g.a.®# Mt itot Eemitiam. 
a tm wM0.te. arts® ®.r«s Is ©ay #x-
t©asl0a, #f • m. «»#,• a g ,^#f | if in is »©t s#, tli@a md#3r 
wliat aMiiil#aal ©Quaitl^as wtJlJ. «» ©xt^ugioa ©f is H»©# to®', 
a g,»a...#,t^ Ife© asswei* t© tlie first qa#@tioa is, im 
for W6 tett» tliat if X' is -e g •».©>,,> %&©.»• f ©xlets, 
Willi# aa aaffcltyarr ®f a H«®.. wiy mm m@n ^mnrnms 
« liiieat  ^ »3£t«msi©a» As f©r th® 8#©©ai, m tmw w© 
toow vmitf little a^omt it.. A tm ©QMiti^ as ©itii®r a®«esaa ,^ 
m smffieieat-ttot ©a ,©xt»Bsl®m ©f ® K*©» h@ a g.E.,©., a3P®, 
•for em,aiapi®r, • , 
ill if X is ® it i® a®©«8s®rir tiiat £ 
• iB} - if 2 i X S* S is H©imltiaii» 
I 
tli®a X ©xi®tfl» 
is) if • X i® ma @3£t«a8i©ii mf ® wM#fc 
' • 
f®S«#i|S»S S, tJWB S . #3iists# 
• Mmm-mt it w©ml4 b® gmit# •iiffl@mlt to get ©©sAitickas 
wlii@h aye - asA •••@tt.ffl©i®at tm e» ©xt@iisi©a -©f 
a t® -^a- Wtm mmim €iff i»i if z Is 
m m&& X > -S, %ttt X. -^kmu w# to €»iil witfe 
©l®a®iits .w&iel mm a#t ® *«.«-. ©fa •»*-#-• Wafortiiaatslr thi©r# 
is •ir®rF, "ilttl# ©fallafel® t&tmmmtlmn eti^mt tfei»# 
• 4 f«w simpl® swffl#lwt -@«}atiti«a8 will hm glire» f®r 
an ©xt#ttsl©a •!»©• 't® a • 
.S^*4-». If S l$- sa ®xt®a@loa of a a»o.»S, amS 
5(^1 •^©13;-. I .ganeml;®# s.p tk«m M Iss'g.H.Q#,' 
I»r©®ir, Bimm ma& x* • z omw 
©Czj, •••.'D'Ci: )• . Xtmt %• li@ ttoe mmt-ra&ti&m • 0f z of®ir 
cCs) •• I5-tX*|,tli#a 2^|. is a a,©* ;«#»•,% 
Stat#: X • Is a ^#1.1#'^ 
. • $.»M..m. • I# • Z is,'® of a 
X «; •g* ®f«if . DlXj. * ,aa€ X 0 %*' hmm a @»|.» 
Sim, %lmm X is-a i#:!*#,® 
I '^©©f:* .^«» X'W •SiB©©. ;'s • ^  « T aat E* • f, 
s© X •• i • E » f • ®ta%  ^ fi-ff )• g«B@ira%©«' ,. f®r T 
* 
@xist®# ig l©miti@ft» Mmt 
f * f  ^X $ T ^  f - If*! .. 
Bf 1«#M@ 3'«S« X' is @ g#K*«» 
•0:». Ope^atsrs Witli St^^a Seimitiiim 6-©iitra'@tioas 
fMogg« -If' E .iS'S H#©«, ac is a 
aai. M • 2 If ®b€ ©aly. if • li  ^31, g * an€ s.© .pr^psr 
fflitiaa ©xteasioa of m -'satlsfi®® tli® ®aa# • y®latio»* 
I»i?o©f, If X* « S, %. • Z - Z* • il^ «s. . 
iMt X anA T to© t-wo ofeieato^® smeli fJtet .X « T over 
B(X| » Pttl,. them X. If is til© :0p©»t©r e©la i^t®s 
wi%to X offty b{X) aii,t witte' it oir@r s|Y>i aad X. n f• is 
tli© ©omtwetiott'"-©f ¥•; @r X». Dixy • W{t}m • 
-Si** 
mwpm® •tbrnm a: H.#, T > S sath %im% y S I. S j*, 
%hm\ K ^-'T > % i^s^m ^ 0®atysai#tioal Qm thm 
teai. If, f S X 'S ttess ••E* ^ !•, If I* • Y > g, . 
©©atiradl©tl®»| 
• -f 
„ Itaa.yte I». If .1:, ••2., tMea tlit laterseetlms of' 
PiZ} »t . ea@li irill fe#'ais.mQr# tiiem Bfa)* Otiief--
# 
wis® 3^" : will hm ia mmmh ©as® ®t %hm mmtrmtlm ©f 
X. :©ter %M1fe wMsk is ® pr©f®r @i;t®iis|®» of g# 
If-S -is tto«a -X* ^ if ast ©iily if X » *• It 
z is m mmrn lt#«, t&ea E* « l if aii4 •oalr if ^ a ^ X ^ 
If X 1* ®at X' ©oataias »©• 0 e«#. 
. • at z 0%hm ttoa tmrnrn Im l|l|, t&ea X - 2* ©tM#irwis«, 
f • • • - .. 
if X »¥.>.!»» l#t f Im »{¥)• %m% not ia P<EJt t&®a 
f e BW aat is m 0,e,®. ©f l, 
. gli.®oy^; a -a*#, : E, %fe«a thmrm ©xists a 
f 
E/smefc  ^ X » 2, if'if % ia ia©t aa 
f&® a###a3ity was' f©ia%«i m%- ia mtasrk 1 ia 
t© s&ow its sttff t#i®a«y,,. • l#t.. Z "b« a'K:#®#. Mt 
aot ,tto«a S* .aaat'^ 'to# .aaa-Semitiaa 1*10)• 
menm tteaf# exist a at Immt mm t im ©|Z*| mmh 
%m% if, z g| ••+ '(2 'ff :€) lesst om© g la. ©(a*), 
tet Y hm %hm ©f E m^T th.® s®t l>(z } • if} • 
ifl» f >. a amt '¥* «• 
•gfaooyta' S«-Q» If J, U a swell that X* • g.., 
%%m 
• *2 < 'h x X m • * u -xl s. 
< • * * 
5 X ^ % u X 'ftt«' 2 < % u ir '»#!% *2'<-*2 •: a %) • 
•^M' • •*% ^ ,^m H XI • ^mm •*% ^ tmmm%m'% 
mg *§*2 *1^^: mxi m^, m& mmm%% mH ' '-jmm 
*% « IX a n) «««^% *1 ®t 'IS. #t 
I  •  . . .  
•f • i% A •!:) «• i% A%} 
I * •' • - f • 
• ? • (f" a 3E| 
*•'53''* 
f« mmn: i.sFi«sEiimfiws ©F ^mmn I.XSM 
mmmim ©fimms 
A e®a©jr#t« war »ta% ®perat<ird Is 'isf %hm ms# ®f ©rtli®-
Bsmal Ms## mid aa%:3rl©®s., la timlte iLiMmmlm.ml WMQlimrnm 
bp&m  ^ &q%t%m& m& llmm m® s# 
timt tii®^ ©,ip® mtmiXf 0©asid®y#4 mm mmmlj two 
liit©TjpF#ta%i«i»a ®f tto© s@»« W&T feomafi®t ©f«Ta-
t©rfl ia aatyl©#® j|®ir« als© b#®B m8©€ fmvf 
am0'©®sifmi3Lrs ia mm@% ©f tn# mwlw ft'ev®l©pm#at8 w®jf® 
tea»®4 ®a matrls- ^tfrestntatlcias wltM tmBpmt %® ©fistoBsmal 
bas#a '(li)# SM® sltttatios, Is #s*fciir®lr aiffeysmt 
tm vmhqm&m^ ©i^ erat'Qi?®# m^mmm if} ©Malmet a »mb®ir 
of wlist he p0tit@l©gl«s3L ydsmXts wMeto Mhm®& 'tJ^® tiffl-
•©111,% la. teaftliiig Q p r n r n t m r n  fey aeass of jmtwl&m.m 
lf®-f®yt&el@s.s it- i® s%lxt Importaat a® mmxx as lat®ap®'8liimg 
to sttttf til® Iselia l^^  0t matrices et 
•alttomgl^  ia ®©»t ®as®s i% is W© will, la t&ls 
®#a,«l«i#r t&ls tm g®.»«r®ll5£®l l®.i»lti®R 
l,ii i.i»® witk w# will ©osfia® 
oumrnXms %o %1m #2.®s®t ila®«r m&m hmmm& ttodls Is 
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a M (M 
fhemmm. 4#3.* If % ia a th@a;for aay glws 
Integra? tte®3?@ mlstm' a 4,0«' |.f,|,| ' #f ^ - sii©k tbat at 
i®ae% m rnmtmm' &t ' mr® i»" la mmm % ta 
pjt&pmt ttea: fo3P. a,, . foists a t.g, X 
su@ft ttot'. l#ast a ar# mat ia 
Cla), if*) to# tw© a,s. ©f X ami 1% 
-.'OoasiA#? 
%, * ^ » •*•*» f»i ^»,$ **•  •  
By I»«saa 4.i.tto obtaia«t ©x^tfaoaomalis^a-lina ©f 
tl» atooir# is # ®f • X.» fyiM tM® ©ytte©B©saali» 
aati#» ,fr®e®s».|-.w@ feaow tfemt %!.« » a«mfe©r@ of tM 
mmw €*«» km fit# ***:i f»» fhmf mm la BfX*) , 
Xw* •mim ' s®a# ^ a#$8tt©a# if  ^ X is aemiM®»i 
•t&@m ®,t lmm% ©m®. aeaberi, ®®? I*'# llal i® im . -
©(E*|#; W©'giir ttet {f^j f|) |» 0 • f0T ftt least m luflalt® 
0f'i» #%M©ywi@® s^®'®nlf a fiait® nim%m  ^ &£ 
00 
a<i»-'faaisiilas ©#©ffleieats^4a s®rl@« ®a fb# 
ao !»• a fiait® lineai? -©i^ blnatlQB • ©f ft wMelisr# la 
©Cl'K- , ©©a%fati©ti®al • 
wittomt l®®»'#f gese^aliiir,. let ms ssstia® tiiat 
f0r i • IgB, • • •#»-!• aoasid#!' tfa® ®equ@ii@e, 
f*» f«» f«:^i,» 4lii, •»» ••• • 
yor aak« ©f aaifwmity, w® will r l^alj®! it aa 
—s®-
fat •*% 
1 •: , 
of 
mm 
'i.t f|} ©t t « *«*,.» * 
if f|) • •§, $m i f J * 
4,.lL|, 'til#-#»©...»««• 
a •€»•»•• ©f -X., 
#fetaia#4.'toy 0^%to.©moi?«ali2aM@a 
wtli stew t)m% • lit, I « 
m ^ ^ t. 3" 1| I • "—• • .A' A A*. 
- h -1 • If  ^ jB» 1 « * # f% Mr  ^ gM f 
t^*i %i| f 0, §|i f ©,. • mai€ til, 
'kmm ttet. ««: 1# %% witx mm 1 
f jM  ^ « 4- • 
 ^ |f. i 
1 
 ^, 1 • a. 
sll©«i tMt %.'4,3  ^ 0, 
%* %ii*" nil %$, I'd I* 
I I f|l l*» i • # 
1 % 
1 « 
jUi '^ j - z  
I* 
** h  \ % 4 t  - 31 
1%!® » II t a i^ # |^|* • Mrnmm 
I  *  Bm Jt i i l  •J l«  •»» ,  it • 0,  
tli®m. _t|| •• ©i • I • S. •••••, |,« 0 & ' l m  t||, t g  aaA {^s,.# f|) 
• 'til + ©• , Coiit»i.i#%ioai allows ^ ttot • 
' *  -  ' ' i j  ' j ' *  ^ •  
^Xf 4,1 .e B-CX*}, 'Plx*! •• fal.0«. " 
#i e »tE|' f«r- 1 • 
Br ®f fh# ««• §«% ® #©yr®«^©itAliig 
tb® ,f:r©fi#m® tM@©r«i, Is %mm& mi' mm^tx. ifefr«s#at®.tl©BS 
®f 0#l,g*H«o« 
. If X 1.® m %hm, f®3P ®iir giwa 
iat#,g®r m» a 4*», {#!,) of X giwli 
tMt tli« q«B., A, hAmm 2: f©r i4»), a»t it« 
4*", , Ji®*® mt Immrn a o@»®speaAliig t®w®. If 
i: is fr@p@3?t' tMii, tm mw git« fesiM'r© lat®g®F a, ttoif# 
©xiats a €«»• (#*1 #f' i: #ueh %M% q,«s» A* wM#& %n»-
i^ i^ s tt 1 f#3? C#iilf ami •• its a:t|@iat A% Mm mt 
a #®»«@p©ft4iMg wms* 
4»;t« »®ir® «xl@ts'a t. tm 
it 1® p®8sitt® %m a t*®« <1*1 0f i: sm®li. t&® 
matrix A, wW.«fe l»«loas® %© X f«i:r ,C|»h a»A its ad|c»lmt 
A*t tev® »® #qual ©wi'«»p#»ftias ^rnrnm 
mrnrnmrnw Im&mt ©•3..#» ®f %m op®»at#y ¥ 
glf«a im tm ^KBrnplm m p.30 Let it fe© d®aot©t &e» toy 
Y f©ir Bimm T* tis T* kas a t*». 
Cfa)» ii©t f still fe® tM® e*«., ,gi?©tt tii©r$, aat to® 
tto.® smbseqastt®® ©f sutii tteat • ©, a • l.tp***, 
E«flM 8 - f + s a, vfUMf# a. - I If I llf l^ I - 1. 
aufl a, • ^ 11^ j j It IW^li > i- Wrsis, we se# that 
JMM" 
# is ia s, tm S. |a«l* ^ 1, mmmit 
a 
« t  »(¥ . ) ,  i t  M ' t  11^ •  5,  l» i i l*  <  0» 
©th®rli®mt g + 0 • aat g t Bi¥*|, ©tfe@wis« t e BCf')# Hor©-
oir@s' l#» • «» + 6, a • 1,2,#., . Mm ©xamla® the s®-
qwa®# i, f'li, s (ll if T|t is til® ©oatraetloa of "f 
o*®r tliis ®«qitt«Q©©, tk@» Ci| g •+ ©i C€» f») t 0, 
a, - Cfi. til •-.l,, Iti, f^l « 0, 1 f 3 • It 
is ©lear tliat tto ©.©tl.s, ofetai»©€ fey o:rtli©a®maili«-
f" 
aatiaa ©f ttoat s®qm«»»® is a €.s> ®f T, as4 In e ©CT ), 
a. • l,g,'**, {f©y tM® asm® rmmmm ttet ft e Biz*} la tM® 
proof ?>f til# 4»1|. fl»®r®f©r# tli® aatifix A "b l^Qiigiiig to X 
fos" (#a) aat Its at|©iat. .4" k&wm a© ©ta®! ©©r^sp©afii.ag 
W# toow that a Q,ffl» wki^ h l>®loags t© a H.0, is 
Seimitlaa, »©• mmtt^f wtet t*E» ©f tto ©p®»t©r has %©®a 
eliOs©a» Bnt, for tife® sltaati©a. Is ©atlr@ly different# 
yr« tlie a'bm® €is#ms@i©as, w® me. ttet r®pr®®®atlag matirl-oes 
#f a mmrn mm »f t*#,' .®f th® ©p®:rat©^j 
m%' l...®ae% a© far a« tfeftlj?' Mm^mS.%i&immm i® ©•oa©#!^# ,^ tMy 
ant.. %mi:w- atj®im%s m& %# '•quit®* %»% aX«# ©«» •&# .• 
t i f fwmt ,  m i s  &h.mm ia  fH* 4 .S ,  %hm 
®a€ $.ta aijotat .mm ©:Btir#3.r 1©,. J«s% 
bf ftxamittlag ,©f a tt Is 
toas-ilr Umm-'wMm%hmT it wo^alA'g#,a@i»,at® a.e.H.o# 
.fga? s«@ ©. 
A f®w ©%&#»• t.atfe#3f p«.tli#|»#gi#al ela^«t®rlsti@s 0# %li®, 
aatjpii: f'©pr@s#,at®t4©^as mt g.»a#'®« 1® 
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